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We develop the diagrammatic formulation of the many-body theory for the coupled collective
modes in interacting electron systems of different dimensions. The formalism is then applied in detail
to a two-dimensional system coupled to a three-dimensional electron gas. We find two dimensionally-
mixed plasmon modes which in the long wavelength limit are respectively 3D-like and acoustic in
nature, but are strongly coupled at larger wave vectors. The same formalism can be applied to any
dimensional combinations, and we also present the results for 1D-2D and 1D-3D coupled systems.
Collective modes (e.g., plasmons, magnons, phonons,
zero sound, first sound, etc.) are manifest signatures of
interacting many body systems, and are among the most-
studied subjects in quantum many body theories. In par-
ticular, understanding the plasmon modes of a three di-
mensional (3D) electron liquid interacting through the
long range Coulomb interaction using several different
theoretical approaches such as collective coordinates [1],
dielectric function approach [2], diagrammatic perturba-
tion theory [3], time dependent Hartree theory [4], and
self-consistent equations of motion [5] was the starting
point of the modern many body theory for normal met-
als. Similarly, studying the collective modes of normal
He-3 [6, 7] was among the key aspects of the modern de-
velopment of the Fermi liquid theory. It was realized that
understanding coupled collective modes of different sys-
tems leads to fundamental insights into the nature of fi-
nite many-body interacting systems, and as such, surface
and interface plasmons (i.e., collective modes of metal-
insulator systems) [8] and coupled electron-hole plasmons
in interacting solid state plasmas [9] were also studied
early in the history of many body theory. In fact, an
early result of studying coupled plasmon modes was the
realization that the acoustic phonons in simple metals
can be thought of equivalently as quantized sound waves
or ionic plasmons screened by the conduction electrons in
a coupled ion-electron quantum plasma.[10] Later, both
uncoupled and coupled plasmon modes of interacting 3D
and two-dimensional (2D) electron liquids were studied
extensively both theoretically and experimentally in the
context of doped semiconductor quantum wells and su-
perlattices as well as 3D bulk systems.[11–19] Collective
modes of 1D electron systems have also been studied ex-
tensively [20–23] in the context of semiconductor quan-
tum wire structures.
In spite of this great deal of activity encompassing
thousands of publications on collective modes and plas-
mons in 3D, 2D, and one dimensional (1D) metallic sys-
tems as well as coupled collective modes in 3D-3D, 2D-
2D, and 1D-1D interacting systems (going back to the
early 1950s), there has not been much theoretical inves-
tigation of the nature of collective plasmon modes in sys-
tems of mixed dimensionality, i.e., 3D-2D or 3D-1D or
2D-1D systems. This is surprising since it is possible
to study such systems experimentally. For example, one
can easily experimentally study the plasmon modes of a
coupled system of a 2D electron layer close to a 3D elec-
tron slab or for that matter of a coupled system of a 2D
layer and a 1D wire. The goal of the current work is to
develop a theoretical formalism to study this important
and interesting topic: What are the plasmon modes in
coupled metallic systems of mixed dimensionality? The
answer to this question is not obvious at all. First, the
plasmon modes have completely different energy disper-
sions in different dimensions with the long wavelength
plasma frequency going as ∼ q(3−D)/2 where D is the
system dimensionality and q is the relevant wave num-
ber. Second, in systems of mixed dimensionality defining
the wave number becomes ambiguous since different di-
mensions have wave vectors of different dimensions.
In this work we develop a general diagrammatic theory
for obtaining the collective modes in coupled electronic
systems of mixed dimensionality interacting through the
long-range Coulomb interaction (i.e., the 1/r potential
where r is the physical distance between the two inter-
acting electrons). Our theory is applicable to systems
of arbitrary dimensionality mixing. We provide detailed
results by applying our theory to the physically interest-
ing coupled 3D-2D system. We also give results for the
coupled 2D-1D (and 3D-1D) system.
Our theory is based on obtaining the dynami-
cally screened Coulomb interaction in the dimension-
ally coupled system by generalizing the appropriate 2-
particle Dyson’s equation for the interacting reducible
polarizability.[24] We then proceed to solve this equation
in the random phase approximation by approximating
the irreducible polarizability by the corresponding non-
interacting polarizability, which gives an exact result in
the high-density limit of weak effective interaction, and
this is also the exact classical result since the long-range
Coulomb interaction is treated properly. The poles of the
reducible polarizability or the zeros of the correspond-
ing dielectric function immediately give us the collective
plasmon modes of the mixed system, which we proceed
2to obtain explicitly in the plasmon pole approximation
which is exact to the leading order in wave vector.[25]
Dyson’s equation (Fig. 1) for the screened interaction
W˜ in terms of the irreducible polarizability Π and the
bare Coulomb interaction V is, in general,
W˜ = V + VΠW˜ , (1)
where the variables in this equation represent scattering
matrices in the basis of two-particle states since each in-
teraction line corresponds to a scattering event between
two electrons via the Coulomb interaction. For exam-
ple, the matrix elements for W˜ are W˜ij,kl = 〈ik|W˜ |jl〉,
representing scattering from states |i〉 → |j〉 for the first
particle and |k〉 → |l〉 for the second particle due to the
screened interaction W˜ . This equation is exact if Π is the
exact polarizability including the full interaction vertex.
In the event there are N subsytems, which are coupled
via interactions but without inter-system tunneling, and
we ignore terms in the Π which connect different subsys-
tems, then the Dyson equation becomes
W˜αβ = Vαβ +
N∑
γ=1
VαγΠ
0
γW˜αβ , (2)
where α, β = 1, ..., N . Here W˜αβ represent scattering
matrices where the eigenstates are localized within sub-
systems α and β (e.g., W˜iαjα,kβlβ where iα and jα are
states in system α, and kβ and lβ are states in system β)
and Π0γ is the irreducible polarizability of subsystem γ.
We note that our no inter-subsystem tunneling approxi-
mation leads to a particle conservation in each individual
subsystem, which is a reasonable assumption.
We now apply the theory to a system which consists
of two subsystems, a 2D quantum well of zero width in
the x-y plane of area A (system 1) embedded in a bulk
system of 3D conduction electrons of length Lz in the
z-direction (system 2). We use label “1” for a 2D system
and label “2” for a 3D system. The Hamiltonian of the
total system is
H = H1 +H2 +H12, (3)
where Hα is the Hamiltonian for the isolated system
α = 1, 2, and H12 represents the interaction between two
systems
H12 =
∑
k1,k2,q
∑
kz ,qz
V12(q, qz)c
†
2(k1 − q, kz − qz)c†1
×(k1 + q)c1(k1)c2(k2, kz), (4)
where c†α (cα) is creation (destruction) operators in sys-
tem α and V12 is the Coulomb potential between the two
systems.
The equations needed for the screened Coulomb inter-
action between electrons in the subsystem 1, W˜11, are
(suppressing the dependence on wave number q and fre-
quency ω, which all of these depend on)
W˜11 = V11 + V11Π
0
1W˜11 +
∑
qz
V12Π
0
2W˜21, (5)
W˜21 = V21 + V21Π
0
1W˜11 + V22Π
0
2W˜21, (6)
where Π0α is the irreducible polarizability in subsystem
α = 1, 2. These equations give, reintroducing the q = |q|
and ω dependence (where q is the two-dimensional wave
vector)
W˜11(q, ω) =
V eff11 (q, ω)
ǫeff1 (q, ω)
, (7)
where V eff11 and ǫ
eff
1 are given by, respectively,
V eff11 (q, ω) = V11(q) +
∫
dqz
2π
|V12(Q)|2Π
0
2(Q,ω)
ǫ2(Q,ω)
, (8)
ǫeff1 (q, ω) = 1− V eff11 (q, ω)Π01(q, ω), (9)
where Q =
√
q2 + q2z . The dielectric functions for sub-
system 1 and 2 are given by
ǫ1(q, ω) = 1− V11(q)Π01(q, ω), (10)
ǫ2(Q,ω) = 1− V22(Q)Π02(Q,ω), (11)
and the Coulomb interactions are given by
V11(q) =
2πe2
q
, (12)
V22(Q) =
4πe2
Q2
, (13)
and the interaction between the two subsystems
V12(q, qz) =
4πe2
Q2
e−qd, (14)
where d is the separation distance between the two sys-
tems. We note that Eqs. (12), (13), and (14) give respec-
tively the Fourier transforms of the usual 1/r Coulomb
k
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FIG. 1: Diagram for the screened Coulomb interaction. Here
Π indicates the irreducible polarizability and single wiggled
lines are the bare Coulomb interaction.
3interaction in pure 3D, pure 2D, and 3D-2D mixed di-
mensions
We also find the screened Coulomb interaction of the
subsystem 2, W˜2, as
W˜22(Q,ω) =
V eff22 (Q,ω)
ǫeff2 (Q,ω)
, (15)
where V eff22 and ǫ
eff
2 are given by, respectively,
V eff22 (Q,ω) = V22(Q)+V22(Q)
V11(q)e
−2qdΠ01(q, ω)
ǫ1(q, ω)
, (16)
ǫeff2 (Q,ω) = 1− V eff22 (Q,ω)Π02(Q,ω). (17)
The collective modes of the systems now can be calcu-
lated by finding zeroes of ǫeffα (q, ω), i.e.,
ǫeffα (q, ω) = 0. (18)
The irreducible polarizability function Π0 of an inter-
acting electron system is unknown since self-energy and
vertex corrections cannot be calculated exactly. How-
ever, in the long wavelength limit (q → 0), the dielec-
tric function, and, consequently, the plasmon frequency
is determined entirely by the noninteracting irreducible
polarizability, i.e., the electron-hole bubble diagram. For
the Coulomb interacting system, this also gives the ex-
act result asymptotically in the high-density limit where
all interaction corrections to the irreducible polarizability
vanish in a well-defined series expansion manner.[24]
The noninteracting irreducible polarizability in D-
dimension is given by the expression with D-dimensional
wave vectors k and qD [26]
Π0(qD, ω) = g
∫
dDk
(2π)D
nF (ξk)− nF (ξk+qD )
ω + ξk − ξk+qD
, (19)
where g is the degeneracy factor (e.g., spin, valley), ξk is
the single-particle energy dispersion measured from the
Fermi energy, i.e., ξk = k
2/2m−EF , and nF is the Fermi
distribution function. The leading order behavior of the
noninteracting irreducible polarizability in the longwave-
length limit, qD/ω ≪ 1, can be obtained as
Π0(qD, ω) =
nD
m
q2D
ω2
+O(q4D/ω
4), (20)
where nD is the D-dimensional electron density. With
this result and Eq. (18) we find two coupled plasmon
modes in the long wavelength limit as
ω+(Q) =
√
(ω3DQ )
2 + (ω2Dq )
2, (21)
ω−(Q) =
ω3DQ ω
2D
q√
(ω3DQ )
2 + (ω2Dq )
2
√
1− e−2qd, (22)
where ω3DQ and ω
2D
q are the long wavelength plasma fre-
quency for the 3D and 2D electron gases (with Q and q
being the 3D and 2D wavenumbers), respectively, which
are given by [16, 24]
ω3DQ =
√
4πn3e2
m
+O(Q2), (23)
ω2Dq =
√
2πn2e2/m
√
q. (24)
From the above results we find several interesting fea-
tures of the coupled plasmon modes: (1) The leading
order of the plasmon energy dispersions is independent
of qz . (2) ω+ mode has exactly the same energy as the 3D
plasmon at Q = 0, and the leading order correction to ω+
is linear in wave vector. In general, the quantum wave
vector dispersion correction of the 3D plasma frequency
is quadratic,[24] but here the dispersion correction to the
ω+ mode is linear in wave vector in contrast to the cor-
responding pure 3D situation. (3) ω−(q) mode increases
linearly with wave vector, i.e., ω−(q) ∝ q. Thus in 2D-
3D coupled system there is no mode behaving like a 2D
plasmon where ω(q) ∝ √q. Instead, the higher-energy
mixed plasmon ω+ has the long-wavelength 3D plasma
frequency, but with a linear wavevector dispersion cor-
rection whereas the lower energy ω− mixed mode has a
purely acoustic energy dispersion going linear in wave
vector.
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FIG. 2: Calculated plasmon dispersions of the 2D-3D cou-
pled systems as a function of the wave vector Q = q with
qz = 0. Here we use the parameters corresponding to
k2DF = k
3D
F , which indicates n3 = (2pin2)
3/2/(3pi2). d = 5nm,
the separation distance between two systems, is used in this
calculation. Both modes increase linearly in the long wave-
length limit. The dashed lines represent the uncoupled 3D
(black) and 2D (green) plasmon modes, and the solid black
line show the boundary of the single particle excitation region.
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FIG. 3: Calculated plasmon dispersions of the 1D-2D cou-
pled systems as a function of the wave vector q = qx with
qy = 0. Here we use the parameters corresponding to
k1DF = k
2D
F , which indicates n2 = (pi/8)n
2
1. d = 4nm, the
separation distance between two systems, is used in this cal-
culation. The dashed lines represent the uncoupled 2D (black)
and 1D (green) plasmon modes, and the solid black line show
the boundary of the single particle excitation region.
In Fig. 2 we provide the numerical results for our cal-
culated 2D-3D plasmons based on Eq. (18) without mak-
ing any long wavelength approximation. The long wave-
length coupled collective mode dispersions precisely obey
our analytical results for ω+ and ω− given in Eqs. (21)
and (22), but there is strong mode repulsion effect at
larger wavevectors which cannot be captured in the long
wavelength analytical approximations.
We can apply the same methods for a 1D-2D coupled
system as we have developed above for the 2D-3D sys-
tem. But due to the form factor which arises from a finite
width of the 1D system (in a strict zero width 1D system,
the Coulomb interaction diverges logarithmically in mo-
mentum space), the Coulomb potential of a 1D system is
logarithmically dependent on the width of the 1D wire.
[20] Now we take the 2D layer to be in the x-y plane at
z = 0 and the 1D wire with finite width a to be along the
x-axis at the y = 0 and z = d plane. Then we can con-
sider the strict long wavelength limit along y-direction
(i.e. the system wavenumber being strictly along the x
direction by construction). Now q means qx along the x
direction which is conserved. With the above geometry
for the coupled 1D-2D system we get the following results
at long wavelength, q → 0,
ω+(q) =
√
(ω2Dq )
2 + (ω1Dq )
2, (25)
ω−(q) =
ω2Dq ω
1D
q√
(ω2Dq )
2 + (ω1Dq )
2Vq
√
Vq − Iq, (26)
where
ω1Dq =
√
2n1e2
m
q, (27)
and Vq, Iq arise from the finite width of the 1D wire,
[20, 22] and they depend on the specific quantum wire
systems. If we take a quantum wire with an infinite
square well potential confinement then we get
Vq ∼ C1 + | ln(qa)|, (28)
and
Iq ∼ [C2 + | ln(qa)|] exp(−2qd) for d≪ a,
∼ ln(a/d) + | ln(qa)| for d≫ a, (29)
where C1 = 2.08862 and C2 = 0.922784 are constants.
Since ln(qa) term exactly cancels in Vq − Iq, the acoustic
mode increases linearly (i.e., ω−(q) ∝ q) without loga-
rithmic correction in the long wavelength limit,[20] but
the slope is dependent on the ratio of d/a. Note that
the situation for the 1D-2D coupled mixed plasmons is
qualitatively similar to the 2D-3D plasmon case, i.e., the
ω+ mode [Eq. (25)] follows the 2D plasmon dispersion of
q1/2 in the long wavelength with the first order correc-
tion being linear in q whereas the ω− mode [Eq. (26)]
is acoustic in nature, going simply as linear in q at long
wavelength.
In Fig. 3, we provide our numerically calculated 1D-
2D coupled plasmon dispersion, which agrees with our
analytical results at long wavelength, but manifests mode
repulsion effects at intermediate wavelength.
Our theory can also be applied to the mixed 1D-3D
plasmon geometry, where the coupled modes are easily
found in the leading order to obey the dispersion rela-
tions: ω+ = ω
3D
q + O(q
2) and ω− ∼ O(q), where ω3Dq ,
given by the first term in Eq. (23) is the standard long
wavelength 3D plasma frequency and q is the wave num-
ber along the 1D system. The O(q2) nonlocal dispersion
term in the ω+ mode contains parameters corresponding
to both the 3D and the 1D system as well as the spatial
separation ’d’ between them. The slope of the acous-
tic plasmon mode ω− also depends on the distance ‘d’
between the 1D and the 3D system.
In summary, we have developed a theory for coupled
plasmons in mixed dimensionality and applied it to ob-
tain the collective modes in mixed 2D-3D, 1D-2D, and
1D-3D metallic systems. The two coupled modes of
the system manifest interesting long wavelength disper-
sion with the higher mode always showing the collective
plasma frequency of the relative higher dimensional sys-
tem (i.e., 3D plasmon for the 2D-3D and 1D-3D cases,
and 2D plasmon for the 1D-2D case) and the lower plas-
mon mode manifesting acoustic dispersion linear in wave
5vector. The leading order dispersion corrections to the
higher energy mode is linear in the wave vector in both
2D-3D and 1D-2D situations, but is quadratic in the 1D-
3D case. The basic physics of dimensionally mixed cou-
pled collective modes is that the higher dimensional sys-
tem always screens out the lower dimensional collective
mode into an acoustic mode whereas the leading term in
the higher dimensional plasmon remains intact with only
the nonlocal dispersion corrections being affected by the
mode coupling. It should be straightforward to experi-
mentally verify our predictions through inelastic electron
energy loss, optical far infrared, and inelastic light scat-
tering spectroscopies in doped 1D, 2D, 3D semiconductor
systems.
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